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Abstrat
Heat ondution in ionized plasmas in the presene of magneti elds
is today a fashionable problem. The kineti theory of plasmas, in the on-
text of non-equilibrium thermodynamis, predits a Hall-eet-like heat
ow due to the presene of a magneti eld in ionized gases. This ross ef-
fet, the Righi-Ledu eet together with a heat ow perpendiular to the
magneti eld are shown to yield signiant ontributions, under ertain
onditions to the ordinary Fourier omponent of the heat ow. The ther-
mal ondutivities assoiated with these eets hange with the strength
of the magneti eld for a given temperature and density and are shown to
be signiant ompared with the parallel ondutivity for a whole range
of values of
~B.
1 Introdution
The behavior of harged partiles in the presene of external magneti elds
is a well known subjet. Aording to the tenets of lassial non-equilibrium
thermodynamis for not too large gradients, the simultaneous heat and eletrial
ows in a magneti eld are linear funtions of the temperature and eletrial
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potential gradients, respetively. The oeients appearing in these relations
are, in general, seond rank tensors whih are funtions of the external eld
and onsist of a symmetrial part and an antisymmetri Al part [1, 2, 3℄. The
latter ones are alled the Hall vetor in the ase of eletrial ondution and
the Righi-Ledu vetor in the ase of heat ondution. The former is a well
known eet whereas the latter one isn't. It was disovered in 1887 and rst
measured and onrmed by Waldemar Voigt in 1903 (see Refs. [2, 3℄). Curiously
enough it has been, ever sine, hardly mentioned in the literature. Not even
the authors of a rather beautiful and striking experiment published reently [4℄
reognize that what they have really deteted is the Righi-Ledu eet.
In this paper we address ourselves to a rather dierent alulation of the heat
ondution eets in magnetized plasmas from the theoretial point of view.
Indeed, in the ase of a dilute ionized gas in the presene of weak magneti
elds for densities n in the interval 103 ≤ n ≤ 108m−3 and temperatures in the
range 103 < T < 107K the magnitude of heat, harge and mass urrents arising
from these and other so-alled ross eets may ontribute by fators whih are
not neessarily negligible when ompared with those arising from ordinary heat,
mass and eletrial ondution. This result seems to dier from those obtained
by Braginski [5℄ while qualitatively agree with those obtained by Balesu in his
exellent and exhaustive treatment on plasma transport proesses [6℄. We shall
ome bak to this point a little later in this paper. Moreover, we believe that the
approah here oered to the general subjet of ollisional transport proesses
in plasmas may provide a better understanding of this subjet at temperatures
and densities where ollisions are favored in a non-relativisti framework.
The struture of the paper is as follows. In setion II we shall briey review
the kineti onepts used throughout the work, setion III ontains the bulk of
the main alulations leading to the heat ondution transport oeients and
in setion IV the results are given together with some onluding remarks.
2 Kineti model
The kineti model we use in our approah to the problem is the well known
one based on the Boltzmann equation as originally proposed by Chapman and
Cowling [7℄. The substantial dierene is that for the ase of ionized gases they
never developed their method up to the stage of plaing it within the framework
of linear irreversible thermodynamis. Although they derive elementary expres-
sions for the Righi-Ledu and the Nernst-Ettingshausen eets (see Ref. [2℄)
they never pursued any omparison of their formulae with experiments, muh
less studied any possible appliations. Here we would like to fous ourselves on
the former and related eets.
Thus, the system here onsidered is a binary mixture of eletrially harged
partiles with masses and harges mi and ei for i = a, b. The density of the
system is low enough suh that the kineti desription is valid. For simpliity
we shall set the harge of the ions Z = 1. For suh a system, the evolution of
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the distribution funtions of the moleules is given by the Boltzmann equation:
dfi
dt
=
∂fi
∂t
+ ~vi · ∂fi
∂~r
+
e
mi
(
~E + ~vi × ~B
)
· ∂fi
∂~vi
=
b∑
i,j=a
J (fifj) (1)
where the subsript i indiates the speies and J (fifj) is the ollisional term
representing ollisions between dierent and same speies. The Lorentz fore
on the left side of Eq. (1) is treated here as an external fore where the mag-
nitude of the magneti eld is small enough suh that ollisions dominate over
ylotron motion. We must larify that both the eletri and magneti elds
appearing in this fore ontain the self onsistent elds produed by the plasma
and are governed by the Maxwell's equations (see Ref. [6℄). This weak eld
approximation implies ωiτ ≈ 1 where ωi = eB/mi is the Larmor frequeny,
that is, the frequeny of the irular orbits that the partiles desribe around
magneti eld lines.
One Eq. (1) is dened, the derivation of the onservation equations as well
as the proof of the H-theorem are logially required. The former is a standard
step widely disussed in the literature ([6℄-[10℄). The seond result beomes
a little bit more triky due to the presene of a magneti eld but we will
not bother with it sine it is not essential to this paper [8℄. We here proeed
diretly with the solution of Eq. (1) following the standard Hilbert-Chapman-
Enskog approximation. Sine a loal Maxwellian distribution funtion f
(0)
i is
learly a solution to the homogeneous part of Eq. (1) we propose that the single
partile distribution funtions fi (i = a, b) may be expanded around f
(0)
i in a
power series of Knudsen's parameter ǫ whih, as well known, is a measure of the
magnitude of the marosopi gradients [7, 9, 10℄. Thus
fi = f
(0)
i
[
1 + ǫϕ
(1)
i +O
(
ǫ2
)]
(2)
In Eq. (2) the funtional equilibrium assumption is also invoked, namely the
time dependene of f
(0)
i and ϕ
(n)
i for all n ours only through the onserved
densities. The partile density is ni (~r, t) (i = a, b), the baryentri veloity
~u (~r, t) and the loal temperature T (~r, t) is in this paper assumed to be the
same for ions and eletrons [11℄. T (~r, t) is related to the internal energy density
ε (~r, t) by the standard ideal gas relationship. In this work we shall deal only
with the rst order in the gradients orretion to fi haraterized by ϕ
(1)
i , namely
the Navier-Stokes-Fourier regime.
Substitution of Eq. (2) into Eq. (1), leads to order zero in ǫ to the Euler
equations of magnetohydrodynamis. To rst order in ǫ one obtains a set of two
linear integral equations for ϕ
(1)
i whih involve the linearized ollision kernels
in their homogeneous terms whereas the inhomogeneous ones ontain a ombi-
nation of terms involving the marosopi gradients ∇T , ∇~u and the diusive
fore
~dij = − ~dji. Indeed, after a somewhat lengthy but standard manipulation
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[7℄ one gets that
mi
kT
~c
0
i ~ci : ∇~u+
[(
mic
2
i
2kT
− 5
2
) ∇T
T
+
ni
n
~dij
]
· ~ci = − mi
ρkT
b∑
j=a
ej
∫
d~cjf
(0)
j ϕ
(1)
j
(
~cj × ~B
)
· ~ci
− ei
mi
~ci × ~B ∂ϕ
(1)
i
∂~vi
+C
(
ϕ
(1)
i
)
+C
(
ϕ
(1)
i ϕ
(1)
j
)
i = a, b
(3)
where a supersript o over a tensor indiates its symmetri traeless part. In
Eq. (3), C
(
ϕ
(1)
i
)
and C
(
ϕ
(1)
i ϕ
(1)
j
)
are the linearized ollision kernels whose
expliit forms are also well known [6℄-[10℄ and
~dij is the diusive vetor fore
given by
~dab = ∇na
n
+
nanb (ma −mb)
nρ
∇p
p
− nanb
ρ p
(mbea −maeb) · ~E′ (4)
whih satises the property
~dij = −~dji. ~E′ = ~E+~u× ~B is the eetive eletri
fore, ~u the baryentri fore dened as
ρ~u (~r, t) =
b∑
i=a
ρi~ui (~r, t) (5)
ρi = mini (i = a, b) and ρ = ρa + ρb. Also ~ui (~r, t) = 〈~vi〉 where 〈〉 is the
standard average taken with fi (~r, ~vi, t).
We must emphasize that, as has been reently shown [10℄, it is only in this
representation that the Onsager reiproity relations hold true, at least when
~B = 0. If ~B is dierent from zero the proof of suh relations starting from the
linearized integral equations for ϕ
(1)
i will be disussed elsewhere. The solution
to Eqs. (3) has been arefully outlined in Ref. [13℄. Using Curie's theorem
whih allows setting ∇~u = 0, the solutions are found to be of the form
ϕ
(1)
i = −~Aj ·
∇T
T
− ~Di · dij i = a, b (6)
where
~Ai = A
(1)
i ~ci +A
(2)
i
(
~ci × ~B
)
+A
(3)
i
~B
(
~ci · ~B
)
(7)
and a similar expression for
~Di. The salars A
(j)
i (j = 1, 2, 3) appearing in Eq.
(7) are funtions of of n, T, c2i , B
2
and
(
~ci · ~B
)2
.
When Eq. (6) and its analog for
~Di. are substituted in Eq. (3) we get a set
of linear integral equations for the unknown funtions A
(j)
i and their analogs for
the
~Di vetor. As shown in Ref. [13℄, these equations are
f
(0)
i
(
mic
2
i
2kT
− 5
2
)
~ci = f
(0)
i {C (~ciRi) + C (~ciRi + ~cjRj)} (8)
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where Ri = A(1)i +B2A(3)i , i = a, b and
f
(0)
i
(
mic
2
i
2kT
− 5
2
)
~ci = −f (0)i
mi
ρkT
iB~ciG−f (0)i
ei
mi
~ciBAi+f (0)i {C (~ciAi) + C (~ciAi + ~cjAj)}
(9)
In Eq. (9)
Ai = A(1)i + iBA(2)i (10)
G = G(1)B + iBG(2)B (11)
and
G
(k)
B =
1
2
b∑
j=a
ej
∫
d~cjf
(0)
j A
(k)
j
[
c2j −
1
B2
(
~cj · ~B
)2]
(12)
for k = 1, 2.
Similar results are obtained for the unknown funtions D
(j)
i appearing in the
analog of Eq. (7) for the vetor
~Di but we shall not bother with them here sine
we will onentrate only in heat ondution in the plasma. The
~Divetor is
learly related to diusion phenomena [8℄. Equations (8) and (9) are the basi
ingredients required to disuss the problem of heat ondution. The urious
reader will immediately realize the dierene between these basi results and
those used by Braginski in his paper on this subjet [Ref. [5℄ pages 245-247℄.
In our method the unknown A
(j)
i funtions satisfy integral equations, (8) and
(9), where the ollisional dynamis obeyed by the partiles of the same and
dierent speies are ontained in the linearized ollision kernels about whih
no assumptions have yet been introdued. We shall now proeed in the next
setion to study the heat ondution in the dilute plasma.
3 Heat ondution in a fully ionized plasma
Aording to lassial irreversible thermodynamis [1, 3, 14℄ the expression for
the heat ux vetor in a multiomponent system is given by
~J ′q = ~Jq −
∑
i
hi
~Ji
mi
where
~Ji is the diusion vetor for speies i and hi its enthalpy. Sine for an
ideal gas hi =
5
2kT , where k is the Boltzmann onstant, using the standard
denition for
~Jq, namely for our ase
~Jq =
b∑
i=a
mi
2
〈
c2i
〉
we get that
1
kT
~J ′q =
b∑
i=a
∫ (
mic
2
i
2kT
− 5
2
)
fi~cid~ci (13)
5
sine
~Ji = mi 〈~ci〉. Also, ~J ′q = 0 for fi = f (0)i so that, substituting Eq. (6) in
Eq. (13) and ignoring diusive ontributions to
~J ′q we get that
(kT )
−1 ~J ′q =
b∑
i=a
(
mic
2
i
2kT
− 5
2
)
f
(0)
i ϕ
(1)
i ~cid~ci (14)
where ϕ
(1)
i is now given by Eqs. (6) and (7).
To ontinue with the alulation of
~J ′q we now resort to the almost orthodox
method in kineti theory, namely to expand the unknown funtions A
(k)
j in
terms of a omplete set of orthonormal funtions, the Sonine polynomials, so
that
A
(k)
j =
∞∑
m=0
a
(k)(m)
j S
(m)
3/2
(
c2i
)
k = 1, 2, 3 (15)
where the oeients a
(k)(m)
j are still to be determined from the integral equa-
tions (8) and (9) and thus depend on the interation (Coulomb) potential be-
tween the speies. Notie however that in spite of the ompliated form for
~Ai given in Eq. (7), when Eqs. (6) and (7) are introdued into Eq. (14) all
integrals over ~ci have the same struture, namely
b∑
i=a
(
mic
2
i
2kT
− 5
2
)
c2i
3
f
(0)
i
∞∑
m=0
a
(k)(m)
i S
(m)
3/2
(
c2i
)
d~ci = −5
2
kT
b∑
i=a
ni
mi
a
(k)(m)
i k = 1, 2, 3
(16)
where use has been made of the well known property that [6℄-[10℄∫ ∞
0
e−x
2
S(p)n (x)S
(q)
n (x) x
2n+1dx =
Γ (n+ p+ q)
2p!
δpq (17)
and that S
(0)
n (x) = 1. Clearly then
~J ′q = −
5
2
k2T
b∑
i=a
ni
mi
[
a
(1)(1)
i ∇T + a(2)(1)i ~B ×∇T + a(3)(1)i ~B
(
~B · ∇T
)]
(18)
Equation (18) is an important result. Of the innite number of oeients
required to speify the funtions A
(k)
i appearing in Eq. (15) only one is required
to ompute the expliit form of the onstitutive equation (18). This fat readily
simplies the solutions to the integral equations (8) and (9) as we shall see
below. However, before doing so let us examine Eq. (18). If we take
~B in the
diretion of the z-axis, ~B × ∇T is a vetor perpendiular to both ~B and ∇T
whereas
~B
(
~B · ∇T
)
= B2 ∂T∂z
~k so that we may write that
~J ′q = −
5
2
k2T
b∑
i=a
ni
mi
[(
a
(1)(1)
i +B
2a
(3)(1)
i
)
∇‖T + a(1)(1)i ∇⊥T +Ba(2)(1)i ∇sT
]
(19)
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where the last term represents a heat ow in the diretion perpendiular to both
~B and ∇T . This is the well known Righi-Ledu eet [1℄-[3℄. Notie also that
when
~B = 0
~J ′q = −
5
2
k2T
b∑
i=a
ni
mi
a
(1)(1)
i ∇T = −κ‖∇T (20)
whih is the well known form for Fourier's heat ondution equation and the
thermal ondutivity is given by
(
κ‖
)
B=0
=
5
2
k2T
b∑
i=a
ni
mi
a
(1)(1)
i (21)
In Eq. (21) the oeients a
(1)(1)
a and a
(1)(1)
b must arise from the solution to
the integral equations (8) and (9) whih indeed beome idential to eah other
when
~B = 0. In its more general form, Eq. (19) thus reads as
~J ′q = −κ‖∇‖T − κ⊥∇⊥T − κs∇sT (22)
where the three ondutivities are readily identied from Eq. (19). One more
a word of aution. Equation (22) appears to be the same as the one quoted by
Braginski [see Eq. (4.33) of Ref.[5℄℄ however, the evaluation of the oeients
a
(1)(m)
i in our ase radially diers from the proedure followed by this author.
And worst, his denition of heat ux is foreign to the one used here, that is, not
in agreement with irreversible thermodynamis.
To determine the a
(1)(m)
i oeients we need to solve Eqs. (8) and (9).
The former one is straightforward and has been disussed in the literature,
speially in Appendix B of Ref. [13℄. The seond one, however poses some
problems due to the struture of its inhomogeneous term. Nevertheless by a
subtle generalization of the proedure followed to solve Eq. (8), Eq. (9) is also
solved using a variational proedure apparently due to Davison [15℄[16℄. The
steps are also outlined in the same Appendix B of Ref. [13℄. We shall only quote
the results here,
a(1)(0)a +B
2a(3)(0)a = 2.94τ
a(1)(1)a +B
2a(3)(1)a = 1.96τ (23)
a
(1)(1)
b +B
2a
(3)(1)
b =
0.058
M1
τ
also alling a
(m)
i ≡ a(1)(m)i + iBa(2)(m)i , i = a, b, m = 1, 2 following Eqs. (10)
and (15) we get, after separating real and imaginary parts that
Re
[
a(0)a
]
= a(1)(0)a =
(
56.3− 662x2 − 2.25x4) τ
∆1
Im
[
a(0)a
]
= Ba(2)(0)a =
(
647x+ 2.2x3
) τ
∆1
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Re
[
a(1)a
]
= a(1)(1)a =
(
37.5 + 2147x2 + 7.3x4
) τ
∆1
(24)
Im
[
a(1)a
]
= Ba(1)(2)a =
(
206x+ 2649x3 + 9x5
) τ
∆1
Re
[
a
(1)
b
]
= a
(1)(1)
b =
(
1.12 + 121.2x2 + 154.4x4
) τ
M1∆1
Im
[
a
(1)
b
]
= Ba
(1)(2)
b = −
(
0.06x+ 7x3 + 9x5
) τ
M1∆1
where
∆1 = 19 + 2078x
2 + 2650x4 + 9x6 (25)
and x = ωeτ = 1.76 × 1011Bτ where B is given in teslas. τ is the mean free
time obtained from the only independent ollision integral and is dened as
1
τ =
4 (2π)3/2
√
me (kT )
3/2 ǫ20
ne4ψ
(26)
In Eq. (26) ψ is the so alled logarithmi funtion whih arises from using
Debye's length as a uto length in the ollision integrals, dened as
ψ = ln
[
1 +
(
16πkTλDǫ0
e2
)2]
(27)
where λD is the Debye's length, namely
λD =
√
ǫ0kT
ne2
(28)
Notie that the onsisteny requirement that
(
a
(1)(1)
a
)
B=0
=
(
Re
[
a
(1)
a
])
B=0
is
satised within the approximation used here.
Therefore, summarizing the three thermal ondutivities in Eq. (22) are given
by
κ‖ =
5
4
k2T
me
× 2.01nτ (29)
κ⊥ =
5
4
k2T
me
nτ
∆1
× (38.7 + 2270x2 + 161x4) (30)
κs =
5
4
k2T
me
nτ
∆1
× (206x+ 2644x3) (31)
where ψ is dened in Eq. (27).
We emphasize that Eqs. (29)-(31) are valid for a fully ionized hydrogen
plasma (na = nb = n/2, mb ≫ ma = me) in a rst order in the gradients
approximation, namely the Navier-Stokes-Fourier regime. These are the main
results of this paper.
1
The numerial fators appearing in the six polynomials quoted in Eqs. (24) substitute
those published in Appendix B of Ref. [13℄ whih result from a revised alulation.
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4 Disussion of the results
The rst thought that a reader may have onerning the nature of Eqs. (29)-
(31) is to ask how they ompare to those obtained from the well aepted and
dominant alulations obtained muh earlier by Spitzer [17℄ and by Braginski [5℄.
As already pointed out in full detail by Balesu in Ref. [6℄ and emphasized by us
in a reent paper [13℄ this is quite diult. Neither of both authors, besides using
the Fokker-Plank and Landau kineti equations, respetively, performed their
alulations within the framework of lassial irreversible thermodynamis. In
partiular, the orret denition for the heat ux in a multiomponent mixture,
e. g. Eq. (12), was ignored. Therefore the expressions that they quote for the
thermal ondutivities are not equivalent to ours.
The most interesting feature of our results is that the three thermal ondu-
tivities, exhibit a behavior whih is similar to that shown by the results obtained
by Balesu who used a Landau type kineti equation whih he solved using the
moments method. This result is gratifying. It shows indeed that using the full
Boltzmann equation and solving the ensuing integral equations whih dene the
oeients appearing in the expliit results for the transport oeients leads
to results that approximately equal to those obtained from the Landau equa-
tion when the pratially exat 21 moment approximation is used. Comparing
gure 1 of our paper with gure 5.1 in Balesu's book onrms this statement.
Thus, his predition that dierent methods used to ompute transport oe-
ients will yield results that will be within a 10% dierene from eah other
turns out to be sustained.
Another issue is important. Working with the moment method leads to
results whih are not learly related to the order of the marosopi gradients
in the system. This was rst pointed out by Grad in his monumental work on
this subjet [19℄. Referring to the quantity that appears in his ase namely,
the one resulting from the ollision integral in the thirteen moment solution to
the Boltzmann equation, he asserts that suh a parameter has a number of
interpretations (see p. 271-72 of Ref. [19℄) . Further, if one wants to lassify
the resulting equations in terms of power in the gradients one must apply the
Chapman-Enskog expansion not to the Boltzmann equation but to the moment
equations. It is only then, as has been extensively disussed in Ref. [20℄ one
may extrat the Euler, Navier-Stokes-Fourier, Burnett and higher order in the
gradients ontributions. Therefore Balesu's nearly exat results as he laims,
obtained with the 21 moment method, are not learly related to the ordinary
hydrodynami hierarhy of equations. We believe this is the main reason why
our results are somewhat dierent from his. It is outside the sope of this paper
to attempt a detailed omparison of both methods, mainly a purely algebrai
issue.
Finally we wish to remark also that these results together with similar ones
here obtained for the Dufour oeient may be useful in aounting for dissi-
pative phenomena whih are beoming rather important in the physis of the
intraluster medium [21℄-[23℄.
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Fig. 1. The three thermal ondutivities as funtions of x = ωeτ for T = 10
6
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and n = 10
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.
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